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Zeros and Factors

Zeros and Factors


Zeros and Factors

	Concepts

· Finding zeros of polynomials
· Connecting zeros and factors of functions

· Factoring polynomials
Materials

· TI-84 Plus

· Student Exploration: Zeros and Factors
	Technology Goals

· Using the GRAPH-TABLE MODE.

· Understanding the relationship between the graphing increment Δx and the viewing window.

· Using Δx  to make a friendly viewing window.

· Using the CALCULATE menu to find zeros.

· Checking factoring by tables and graphs
· Checking complex zeros on the Home Screen

· Performing operations with complex numbers on the Home Screen

· Using a + bi MODE for operations with complex numbers

Overview

In this activity, participants explore the relationship between the zeros of a polynomial and its factors, connecting algebraic, numerical, and graphical representations. Additionally, they will check factors and perform operations with complex numbers.
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Building Conceptual Understanding of Zeros:�Connecting the Graph, Table, and Equation


The values of x for which y = 0 are called the zeros of the function. Using the GRAPH- TABLE mode, students can see zeros from multiple perspectives.


Press (, highlight the GRAPH- TABLE (G-T) option, and press ( . See Figure 1. Set the viewing window to � EMBED Equation.DSMT4  ��� and � EMBED Equation.DSMT4  ���.


Press ( (. Be sure your table starts at 0 with a table increment of � EMBED Equation.DSMT4  ���=1. See Figure 2.


Press (. and type an equation in factored form. For example, consider� EMBED Equation.DSMT4  ���.


Press ( (. Use ( and ( to move your cursor to any zeros.
































Note:	On the TI-84 Plus (OS 2.30 or higher), the table and the graph remain synchronized as the user scrolls through the table. See Figure 3.


The screen is divided into a graph pane and a table pane. If wildly ugly numbers appear (as in Figure 4), check that your active pane is not the graph screen.


The active pane indicator � should be on the right table pane (as in Figure 3), not on the left graph pane (as in Figure 4).


You would see a screen like Figure 4 if you were to press (.


The table displays the “unfriendly” screen coordinates in steps of the graphing increment, � EMBED Equation.BREE4  ���, instead of the table increment, � EMBED Equation.DSMT4  ���.


Press ( (, and use ( and ( to make the table shown in Figure 3.




































































Optional for TI-83 Plus users:


At the time of this writing, the TI-83 Plus (OS version 1.19) does not synchronize the graph and table. However, the TI-83 Plus could be used in GRAPH-TABLE mode by controlling the graphing increment � EMBED Equation.BREE4  ���:


Press (, and then press ( and (. The table will scroll in steps of the graphing increment � EMBED Equation.BREE4  ���.


Make “friendly values” for the table by setting the viewing window to � EMBED Equation.DSMT4  ��� and � EMBED Equation.DSMT4  ���. 


Note:	The side bar entitled For Your Information provides more details on the graphing increment. 


The GRAPH-TABLE (G-T) mode works especially well for polynomials with integer zeros. After working through an example with students, have them complete Questions 1 - 6 on the handout Student Exploration: Zeros and Factors.





The remaining questions on the student handout explore the following:


the connection between a polynomial’s factors and its rational zeros.


using the ( ( menu to find zeros, and


using analytical reasoning to write a polynomial in factored form once at least one zero is known. 


Students may find full screen mode more helpful when exploring non-integer zeros. 


Reflect on the following questions after completing the student handout:


Traditional paper and pencil factoring strategies differ, depending on whether the polynomial is the difference of two squares, a quadratic trinomial with a leading coefficient a = 1, a leading coefficient a � EMBED Equation.DSMT4  ��� 1, a polynomial of four terms (factoring by grouping), a perfect square trinomial, or the sum or difference of two cubes. How does the approach shown in the handout compare with these strategies?


When factoring � EMBED Equation.DSMT4  ��� and � EMBED Equation.DSMT4  ��� with paper and pencil, is one more difficult to factor than the other? Can the same be said if one uses the zero-factor connection?


Is it even possible to factor the polynomials in Question 13 using paper and pencil strategies?





More Factoring Activities: Accuracy Checking with Technology


Before handheld technology, students’ primary means of checking if they had factored correctly was to multiply out and collect like terms. Technology offers students more alternatives.


For example, check that � EMBED Equation.DSMT4  ��� = (6x – 5)(x +1).


Method 1: 	Check that the original polynomial and the factored polynomial have the same table. 


If needed, press � to put the calculator in �Full Screen Mode. See Figure 5.


Enter the original (unfactored) form of the polynomial into Y1, and enter the factored polynomial into Y2. See Figure 6.











Compare the tables. See Figure 7.


One could also check that they have the same graphs. 


Why is it easier to compare tables?


























Method 2: 	Knowing that the factored form is �(6x – 5)(x +1), students could see that 5/6 and −1 are the zeros and then check that they are also zeros of � EMBED Equation.DSMT4  ���. Here are three different ways:


Find a viewing window which shows the zeros.


Press (. Use the “Smart-Trace” feature to type the zero, and press (. See Figures 8 and 9.


For rational zeros, it can be illustrative to set Xmin and Xmax to be the two integers on each side of the zero.


In this example, set Xmin=0, Xmax=1, and Xscl = 1/6 as in Figure 10.


Watch the graph strike its target below:


	�


c.	Press ( (.


Set the TblStart to be the value of one of the zeros (in this case, 5/6) and press ( (.


Optionally, use the GRAPH-TABLE feature to see both numerical and graphical representations. See Figure 11.


d.	What other ways can you check?





Complex Zeros


Find the zeros of x2 + 2x + 8.


Solve x2 + 2x + 8 = 0 analytically by completing the square or using the quadratic formula.


Check by storing the answer to X. See Figure 12.


If the equation has been entered into Y1, just type Y1 after storing a value for X. See Figure 13.





Operations With Complex Numbers


Try the examples in below on the TI-84 Plus:


a.	� EMBED Equation.DSMT4  ���


b.	� EMBED Equation.DSMT4  ���


c.	� EMBED Equation.DSMT4  ���


d.	� EMBED Equation.DSMT4  ���


Student Exploration: Zeros and Factors


1.	Find and report any zeros by examining the equation, its table, and its graph.�a.	� EMBED Equation.DSMT4  ���____________	d. � EMBED Equation.DSMT4  ��� _______________ �b.	� EMBED Equation.DSMT4  ���____________ e.� EMBED Equation.DSMT4  ���_______________�c.	� EMBED Equation.DSMT4  ��� ____________	f.� EMBED Equation.DSMT4  ���_______________


2.	Comment on the statement: “The number of zeros is equal to the number of factors.”���


Multiply:�a.	� EMBED Equation.DSMT4  ��� 	________________�b.	� EMBED Equation.DSMT4  ��� 	________________�c.	� EMBED Equation.DSMT4  ���	________________


4.	Complete:�a.	y = � EMBED Equation.DSMT4  ��� has these zeros:	________________  � 	In factored form, y = � EMBED Equation.DSMT4  ��� =	_____________��b.	y = � EMBED Equation.DSMT4  ��� has these zeros:	________________  � 	In factored form, y =� EMBED Equation.DSMT4  ��� =	_____________��c.	y = � EMBED Equation.DSMT4  ��� has these zeros:	________________  � 	In factored form, y = � EMBED Equation.DSMT4  ��� =	_____________


5.	Factor, if possible. If it does not factor, state so. Use the screens to assist you.�(Note: Not all polynomials can be factored. �When a polynomial has no rational zeros, it is said �to be prime because it can not be factored.)


a.	� EMBED Equation.DSMT4  ���	___________________ 


b.	� EMBED Equation.DSMT4  ���		___________________ 


c.	� EMBED Equation.DSMT4  ���	___________________ 


d.	� EMBED Equation.DSMT4  ���		___________________


6.	From your previous work, answer the following:


	a.	If the zeros of a function are 4 and 8, �what are the possible factors of the function?�


	b.	If the zeros of a function are −2 and −7, what are the possible factors of the function?�


	c.	If the zeros of a function are −p and q, what are the possible factors of the function?�


7.	Find all the zeros of each function by examining its equation alone. Write the zeros as reduced fractions (and not as decimals).�a.	� EMBED Equation.DSMT4  ���	______________ c. � EMBED Equation.DSMT4  ��� _________________�b.	� EMBED Equation.DSMT4  ���______________ d.� EMBED Equation.DSMT4  ���_________________


8.	Multiply:�a.	� EMBED Equation.DSMT4  ���	 	_______________�b.	� EMBED Equation.DSMT4  ���	 	_______________�c.	� EMBED Equation.DSMT4  ���	 	_______________�


9.	Complete:�a.	y = � EMBED Equation.DSMT4  ��� has these zeros:	_______________� 	In factored form, y = � EMBED Equation.DSMT4  ��� =	_______________��b.	y = � EMBED Equation.DSMT4  ��� has these zeros: 	_______________� 	In factored form, y = � EMBED Equation.DSMT4  ��� =	_______________


	�c.	y = � EMBED Equation.DSMT4  ��� has these zeros:	_______________� 	In factored form, y = � EMBED Equation.DSMT4  ��� =	_______________�


10.	From your previous work, answer the following:


	a.	If the zeros of a function are 3/4 and −1/2, what are possible factors of the function?�


	b.	If the zeros of a function are −a/b and −c/d, what are possible factors of the function?






































Factor � EMBED Equation.DSMT4  ��� by first finding any zeros. 


Use full screen mode, and graph in a standard viewing window.


There are two zeros. The negative zero is between the two integers –1 and 0 (Figure 14).





Press ( ( 2:zero (Figure 15).

















For the left bound, type –1, and press ( �(Figure 16).











For the right bound, type 0, and press ( �(Figure 17).














For the guess, type any number between –1 and 0, and press (. The Zero is displayed (Figures 18 and 19).


Press ( (.


The full value of the zero is stored in the graphing variable X.





























On the Home Screen, press ( ( �(Figure 20).


You can convert this repeating decimal to a reduced fraction.








Press ( 1:Frac ( (Figures 21 and 22).


Knowing one zero is –8/9, explain how you know one factor of � EMBED Equation.DSMT4  ��� is (9x + 8).


While we can use technology to find the other zero, we can also use analytical reasoning. From looking at the equation alone, explain why we know that � EMBED Equation.DSMT4  ���.


From looking at the equation alone, explain why we know that � EMBED Equation.DSMT4  ���.


From looking at the equation alone, explain why we know that � EMBED Equation.DSMT4  ���.


Factor, if possible. If it does not factor, state so. Use technology to assist you.�a.	� EMBED Equation.DSMT4  ���	________________	


b.	� EMBED Equation.DSMT4  ���	________________	


c.	� EMBED Equation.DSMT4  ���	________________	


d.	� EMBED Equation.DSMT4  ���	________________	


	e.	� EMBED Equation.DSMT4  ���	_______________


	f. 	� EMBED Equation.DSMT4  ���	_______________


	g.	� EMBED Equation.DSMT4  ���	_______________


	h.	� EMBED Equation.DSMT4  ���	_______________


Use the graph of each polynomial to write it in factored form. Sketch the graph and label any zeros.


a.	� EMBED Equation.DSMT4  ���	_______________	


b.	� EMBED Equation.DSMT4  ���	________________	


c.	� EMBED Equation.DSMT4  ���	________________	


d.	� EMBED Equation.DSMT4  ���	________________	








Teacher Notes


Factoring can be difficult for developmental students. With handheld technology, students can learn a method which can they apply to any kind of polynomial once they understand the concept of the zero-factor connection. This method appeals to different learning styles.


This approach is based on the recommendations of the standards document Beyond Crossroads, published by the American Mathematical Association of Two-Year Colleges (AMATYC), which challenges teachers to take a fresh look at how to deliver topics in developmental courses as opposed to teaching them the way they were always taught:


“For many students, any given mathematics course could be their last one. Some algebraic topics, such as factoring, radicals, and operations with rational expressions, should receive less attention while modeling, communication, and quantitative literacy and reasoning should receive more attention." Beyond Crossroads, Chapter 6, page 42. See � HYPERLINK "http://www.amatyc.org" ��www.amatyc.org�





At the beginning of the handout Student Exploration: Zeros and Factors, the Graph-Table feature of the TI-84 Plus (OS 2.30 and later) is used to find zeros graphically, numerically, and from the equation of the polynomial. This can also be done in Full Screen mode if students do not have the Graph-Table functionality. 


Ideally, students would find zeros from contextual situations prior to this handout to make this concept less abstract. Use this handout before (or instead of) teaching the paper and pencil strategies. It is not intended to be used as a summative worksheet, but as the tool of choice for factoring.


Note that all of the polynomials in the last question of the student handout can be factored by the approach shown in this activity, yet none can be factored using traditional paper and pencil strategies. 








Contents adapted from:


Laughbaum, E. D. (2003). Foundations for college mathematics. Red Bank Publishing, Galena, OH.


Laughbaum, E. D. (2000). Explorations, Concept Quizzes, Investigations, Writing Assignments, & Modeling Projects for Foundations for College Mathematics, Red Bank Publishing, Galena, OH.
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For Your Information


As you trace on a graph, each press of the ( key increases the x-coordinate by the graphing increment � EMBED Equation.BREE4  ���, which depends on the window settings and the calculator model.�In full screen mode on the TI-83/84, there are � EMBED Equation.BREE4  ��� screen coordinates per pixel.�In GRAPH-TABLE mode, � EMBED Equation.BREE4  ���.   �Note: The values 46 and 94 are particular to the calculator model, but there is no need to remember these numbers in order to create a friendly window.  Instead:


Set your TI-83 Plus to GRAPH-TABLE mode.


Enter the desired window settings � EMBED Equation.DSMT4  ��� and � EMBED Equation.DSMT4  ���.


Press (.


Notice the �graphing �increment,�� EMBED Equation.BREE4  ���, is


� EMBED Equation.BREE4  ���


You can also use the VARS menu, paste the contents of � EMBED Equation.BREE4  ���onto the home screen, and press (.











Store a value in�� EMBED Equation.BREE4  ���which is �close to its current value but “friendlier.” (For example, in this case, set � EMBED Equation.BREE4  ���to 0.2. �Modifying � EMBED Equation.BREE4  ���in �turn changes the value of Xmax. (Press ( to check.)


Press (. Use ( and ( to to scroll the table and trace in �friendly steps.


Note: There is no �active pane �indicator � on �the TI-83 Plus.






































Troubleshooting on a TI-84 Plus: �If you do not see the cursor on the graph, press ( ( and ( and ( until the cursor appears.�





Good:





Bad and ugly:
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