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· Geometric Sequences
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Materials

· TI-84 Plus
	Overview

In this activity, sequences are explored and represented numerically and graphically to determine a best-fit model for data.
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Introduction


Mathematics involves the study of patterns. Examination of numerical sequences gives rise to special models that mathematicians use.


In this activity, sequences will be examined to find missing terms (using inductive reasoning). And number sense and understanding of arithmetic operations will be used to determine rules that describe the terms of the sequences.


The activity also looks at graphical representations of discrete data and determines continuous models (functions) for these data.





Procedure


Find the missing terms of each sequence of numbers; some will be real number values, and others will be represented as mathematical expressions. Discuss how you would continue each pattern.





1, 2, 3, 4, 5, 6, 7, . . . , 32, 33, 34, . . . , �	, 88 , 	     , . . . , 	    , n , 	  , . . . 


0,  2,  4,  6,  8, . . . , 	   , 88 , 	   , . . . , 	       , k , 	       , . . . 


1,  3,  5,  7,  9, . . . , 	   , 73 , 	   , . . . , 	       , p , 	       , . . . 


4,   9,   14,   19,   24, 	   ,  	    ,       , . . . 


93,   82,   71,   60,   49, 	    ,       ,�	     , . . . , 	     , w , 	       , . . . 


1,   4,   7,   10,   13, 	 , 	, 	, . . . 


3,   6,   9,   12,   15, 	 ,     ,     , . . . ,� 	       (88th term) , . . . , 	    (nth term) , . . .


How are the last two sequences alike/different?


Notice that the constant rate increase is 3 for the sequence in part G, given by 3, 6, 9,12, 15, 18, . . . . 


Identify the first six terms written in the sequence above in the following ways:


Using words or words/symbols.


The first term is 3.


The second term is 6.


3rd term = 9


__________________


__________________


Using subscripted notation (used in many algebra texts).


		� EMBED Equation.3  ���











Using ordered pair notation.


( 1, 3 )


( 2, 6 )


( 3, 9 )


( ___, ___ )


( ___, ___ )


Graph the ordered pairs above on the lattice point grid.





�




















Graph the data on your calculator.


Enter the term numbers {1, 2, 3, 4, 5, 6} for the sequence into L1 of the calculator, and enter the terms of the sequence {1, 4, 7, 10, 13, 16} into L2 of the calculator (Figure 1).


This, in effect, tells the calculator the ordered pairs to be graphed.



























































Graphically, consider the sequence 3, 6, 9, �12, . . ., and consider how it compares to the sequence 1, 4, 7, 10, . . . .


It has already been determined that both sequences are increasing sequences and that the constant rate of increase is 3 for each sequence.


Press ( to see the scatterplot of L1 and L2 (Figure 2).

















Enter the first six terms of 3, 6, 9, 12, . . . into L3 (Figure 3).


In (, open Plot2 to set Ylist to L3 and the “+” marking . Reset the WINDOW if needed.





The resulting graphs are now displayed simultaneously with the ordered pair representation for 3, 6, 9, . . . given with “+” markings and the ordered pair representation for 1, 4, 7, . . . given with the small square markings (Figure 4).


Since the equation y = 3x is a model for continuous data, it is also a model for the discrete data values 3, 6, 9, 12, 15, 18. Therefore, y = 3x can be graphed by both scatterplots (Figure 5).


Since 3 is the slope of the line given by y = 3x, observe that the slope of the line that models this data is the constant rate of increase – and that is 3!


Also observe that if the line y = 3x “slides” down two units in the plane, it will go through the scatterplot associated with the sequence 1, 4, 7, . . . [i.e., the line is translated vertically].


Thus, the function that models the data 1, 4, 7, . . . is y = 3x – 2.


Enter this equation into Y2 to see the vertical translation of the equation y=3x.


Remember the sequence below?


93,   82,   71,   60,   49, 	    ,       ,       , . . .


Recall that this is a decreasing sequence, and it decreases at a constant rate of 11.


Create a scatterplot of the first five terms of the sequence.


Examine this graphical representation.


Is the graph increasing or decreasing?


If a sequence increases at a constant rate and the slope of the corresponding linear model is positive, then what do you think the slope of a linear model for this decreasing sequence would be?


The slope of the model is the constant rate of decrease of the sequence (Figure 6).


Consider the sequence 8,  8,  8,  8,  8,  	 , . . . (Figure 7).


Is this sequence increasing? Is it decreasing?

















Create a graphical representation for this sequence, and determine the model that fits the data (Figure 8).


Since the sequence is neither increasing nor decreasing, we say it is a constant sequence.











The continuous linear model is given by y = 8, and we call this a constant function (Figures 9 and 10).


The sequences and models we’ve considered so far have come from linear data – those patterns that are found by adding or subtracting (adding the additive inverse) the same number over and over. Repeated addition is just a shortcut for multiplication.


So, it comes as no surprise that the equations of the models (e.g., y = 3x  or  y = 3x – 2  or  y = 8) will involve multiplication by the number that is being repeatedly added!


Now consider another increasing sequence: �1, 2, 4, 8, 16, . . . 


What are the next three terms? How did you find them?


Obviously, it is not increasing at a constant rate since the difference between terms is not a constant value. Based on prior multiplication experiences, any term multiplied by 2 generates the next term in the pattern.  


Enter this sequence data into lists, and create a scatterplot of the data (Figure 11).


The function that models the data is called an exponential function. The format of this function is y=a*b^x.


Make a conjecture of the continuous functions that model the discrete data generated by the sequence.


Use your calculator to generate an ExpReg model in the ( CALC menu 0:ExpReg (Figures 12 �and 13).




















Figure 14 shows the result of the ExpReg model generated by the calculator.


Note:	Remember that multiplying by 2 over and over is repeated multiplication. And repeated multiplication is just exponentiation. It comes as no surprise, then, that is an exponential sequence. That is, this sequence increases exponentially.


It is obvious from the graph that the data is NOT linear but instead that the data exhibits exponential growth. 


Using the 0:ExpReg from the ( CALC menu, the model is y = 1*(2)^(x-1) (See Figure 13 on the previous page).


Note:	In the 3rd term, there are two factors of 2, in the 7th term there are six factors of 2, so, in the nth term there are (n-1) factors of 2.�Note also that the ExpReg equation would be written as y =0.5*2^x =1/2*2^x.


What would happen if a positive number was multiplied by a number less than 1, such as one-half (e.g.,  1, ½, ¼, 1/8, 1/16, . . .) (Figure 15)?


Create a scatterplot for the sequence (Figure 16).


Using your knowledge of how the sequence is generated, write a function that models the data. 











Use the ( CALC 0:ExpReg to determine the ExpReg equation (Figure 17).




















Compare the function you found to the one given by the graphing calculator (Figure 18).


Observe that the sequence decreases exponentially; this is an example of exponential decay.
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For Your Information


When graphing anything on the graphing calculator, it is important to specify what will and what will not graph . 





To specify what will not graph when graphing a scatter plot, for example, check the ( menu to be sure that no functions are entered into Y1, Y2, etc. and check that the STATPLOTS not be used are turned off. 





To specify what will graph, enter the ordered pair data into lists, set up the STATPLOT and set appropriate WINDOW dimensions.
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